Recent experimental results showing untypical nonlinear absorption and marked deviations from well known universality in the low temperature acoustic and dielectric losses in amorphous solids prove the need for improving the understanding of the nature of two-level systems (TLSs) in these materials. Here we suggest the study of TLSs focused on their properties which are nonuniversal. Our theoretical analysis shows that the standard tunneling model and the recently suggested Two-TLS model provide markedly different predictions for the experimental outcome of these studies.
Introduction
Amorphous solids, and many disordered lattices, show remarkable universality in their thermodynamic, dielectric and acoustic properties at low temperatures. For example, their specific heat is roughly linear in temperature, their thermal conductivity behaves roughly as T 2 , and the internal friction is constant, independent of temperature and phonon wavelength [1, 2, 3] . It is quite striking that the above properties are not only distinct from the behavior of ordered lattices, but that they are quantitatively similar, within a factor of 3, in materials ranging between very different amorphous solids, disordered polymers and disordered lattices. Furthermore, in all these materials the above characteristics emerge below a rather universal temperature of T U ≈ 3K. This striking universality suggests the existence of a general mechanism, which only depends on the disorder itself. This mechanism then dictates the low energy characteristics of disordered systems, and the energy scale of 3K below which these properties appear. Despite many experimental and theoretical studies throughout the last four decasdes, see e.g. [4, 5, 6, 7, 9, 8, 10, 11, 12, 13] , this mechanism is not finally understood.
Soon after the discovery of universality, Anderson, Halperin and Varma [14] , and Phillips [15] , suggested that the existence of tunneling two-level systems (TLSs) having a broad distribution of their bias energy ∆ and of their barrier heights, gives rise to the above properties. In what is now referred to as the "Standard Tunneling Model" (STM), the tunneling amplitude of the TLS is defined by ∆ 0 , and the distribution of TLS parameters is given by P (∆, ∆ 0 ) ≡ P 0 /∆ 0 . Using the STM to interpret the experimental data, universality reduces to the fact that l/λ ≈ 150 (l, λ are the phonon mean free path and wavelength), or that the relevant dimensionless parameter in the theory, the "tunneling strength" C 0 ≡ P 0 γ 2 /(ρv 2 ) is small and universal [6] , C 0 ≈ 10 −3 . Here γ denotes the TLS-phonon coupling constant, ρ the mass density and v the speed of sound. However, the smallness and universality of the tunneling strength, and the energy scale of 3K below which universality is observed, are not explained within the STM. Nonuniversal deviations from the STM are observed at lowest temperatures, i.e. T 100mK, and typically stem from weak interaction between the tunneling systems due to their elastic and electric moments [16, 17] which are neglected within the STM. Observed magnetic field dependences [18] were attributed to nuclear electric quadrupole moments [19, 20, 21] and paramagnetic impurities [22] . Also, the STM cannot completely account for nonequilibrium and nonlinear dielectric losses in Josephson junction qubits [23, 24, 25, 26] , where the tunneling systems are responsible for the coherence breakdown [27, 28, 29] .
Recently, within disordered lattice models, it was suggested that TLSs must be separated in two classes, denoted by S-and τ -TLSs, based on their local inversion symmetry. Inversion asymmetric (S) excitations, e.g. CN rotations in KBr:CN, interact strongly (γ s ) with the strain, whereas (τ ) excitations in which the two local states relate to each other by local inversion e.g. CN flips in KBr:CN, interact weakly (γ τ ) with the strain [30, 31, 32] . g ≡ γ τ /γ s ≈ 0.03, proportional to the strain in strongly disordered materials and quantifying the degree of deviation from local inversion symmetry, is the small parameter of the Two-TLS model. All essential aspects of the Two-TLS model, including the symmetry dependent TLS-strain interaction constants and the resulting single TLS density of states (DOS) for the S and τ TLSs, were thoroughly verified numerically for the disordered lattices [33, 34, 35, 36] .
Within the Two-TLS model, the weakly interacting (τ ) TLSs correspond to the standard TLSs within the STM. However, the Two-TLS model derives a relation between the single TLS DOS of the τ -TLSs and their strain interaction strength, which results in the small and universal value of the tunneling strength. This result suggests that the origin of the low temperature universality, as well as the energy scale of 3 K determining the universal regime, are consequences of the smallness and universality of deviations from local inversion symmetry in strongly disordered and amorphous materials. Thus, the analysis, within the Two-TLS model, of the characteristics of the τ -TLSs, suggests a theoretical foundation for results previously obtained by applying the phenomenological STM together with the experimental input of the universality of the tunneling strength. The strongly interacting (S) TLSs are scarce at low energies, and contribute negligibly to the specific heat, internal friction, and thermal conductivity in the universal regime. However, the predictive power of the Two-TLS model lies in the domination of nonuniversal low-energy properties by the S-TLSs, despite their scarcity at the relevant energies.
It is the focus of this paper to obtain and propose within the Two-TLSs model experimental observables which go beyond the STM, and thus provide a clear signature of Two-TLSs physics. This would allow an experimental validation of the Two-TLS model within the disordered lattices, and an experimental test of its relevance for amorphous systems in general. We focus on nonuniversal experimental observables, which depend stronger than quadratically on the TLS-phonon interaction, and can therefore result in a dominant and measurable contribution of the strongly interacting S TLSs. For these observables we obtain within the Two-TLS model results which differ markedly with those obtained within the standard tunneling model.
With regard to the relevance of the Two-TLS model to amorphous solids, we note here that while such relevance is not obvious, there are reasons to believe its plausibility (see discussion in Ref. [31] ). We note in this respect the strong experimental evidence for the equivalence of the universal phenomena in amorphous systems and disordered lattices [37, 38, 39] , suggesting that a model deriving the apparent universality is applicable to all systems exhibiting the low temperature universal properties. Furthermore, the Two-TLS model was recently proved advantageous in explaining the strain dependence of echo dephasing of TLSs in superconducting qubit circuits [40] , and the power dependent loss tangent in superconducting microresonators [23, 24, 25, 26] . We note also that nonhomogeneity of the TLS DOS was recently found experimentally in amorphous SiO films [41] , and that the existence of two types of TLSs was recently demonstrated in amorphous Al 2 O 3 and LaAlO 3 films [25] , where the weakly interacting TLSs were attributed to Hydrogen impurities.
Single TLS DOS in the Two-TLS model
Within the STM the single TLS DOS is de-facto flat, i.e. n(E) = P 0 log(E/∆ 
. The resulting single TLS DOS; n S (E), n τ (E), differ markedly between the two groups of TLSs. The single TLS DOS n τ (E) of the τ -TLSs is well described by a Gaussian shape with width ≈ 10 K, (the energy scale of the maximal S-τ interaction J Sτ 0 ) except for a dip of relative order g below the energy scale of the maximal τ -τ interaction, U 0 = gJ 34, 35, 36] (true within the practical temperature domain T > 1 mK). Although below 3 K the single τ -TLS DOS resembles the homogeneous DOS assumed for the TLSs by the STM, it differs in the above mentioned dip at low energies [42] , and it is markedly different at larger energies, as it quickly diminishes at energies larger than 3 K.
The single TLS DOS of the S-TLSs at relevant energies E < 10 K is ∝ E η [34] , where for KBr:CN η ≈ 1 [35] . At finite temperature the gap of the single S-TLSs DOS and the dip of the single τ -TLSs DOS are filled, such that n(E, T ) ≃ n(E = T, 0) for all E ≤ T . The ratio n S (E)/n τ (E) is energy dependent. The value of E cr for which this ratio equals g 2 determines the temperature T cr below which phonon attenuation, being proportional to nγ 2 , is dictated by the τ -TLSs. Experiments suggest a rather universal temperature range of T cr ≈ 1−3 K for a wide variety of amorphous solids and disordered lattices. Numerical calculations for KBr:CN find E cr ≈ 1 K [35] , in agreement with experiment [37] . This qualitative picture is used below to demonstrate nonuniversal behaviors expected in nonlinear and nonequilibrium properties of interacting TLSs within the Two-TLS model.
Spectral diffusion and nonlinear acoustic absorption
Experimentally, TLSs can be directly probed by phonon echo experiments [43, 44, 45] . However, because of the scarcity of S-TLSs [31] at energies probed by these experiments so far (of order 10GHz and below), experiments find only one type of TLSs, with a coupling constant shown to agree with that of τ -TLSs [33] . However, under certain conditions the S-TLSs can dominate spectral diffusion and the acoustic response.
At high fields the acoustic response of glasses is nonlinear. For T 0.05K the longitudinal and transverse relaxation times are related by T 2 = 2T 1 , and for phonon (1), (3)] is 1/g. T 2 for the τ -TLSs. At the same time the contribution of the S-TLSs (b) Relaxation T 1 and spectral diffusion induced phase decoherence T 2 (S.D.) times for τ -TLSs and S-TLSs. T 1 (S) is much shorter than T 1 (τ ), as it is proportional to γ −2 , whereas T 2 ∝ γ −1/2 . We use the values g = 1/30 and η = 1 in both plots. frequency ω ≫ k B T /10 the acoustic response is given by the expression [46] 
where ǫ denotes strain, and
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Within the Two-TLS model the resonant acoustic absorption is accordingly the sum of the S and τ contributions, i.e.,
Here we assume that the resonant absorption dominates, i.e., that the strain field has a sufficiently high frequency ν ∼ 10 10 s −1 [46] . At E, T < 3K one has
. This results in the τ TLSs domination of the universal properties below T U as mentioned above, and consequently in the acoustic absorption at low intensities. However, at high intensities things are quite different. Considering first low temperatures [T 0.05 K [51] , see figure 1(b) ], where pure dephasing is negligible, and T 2 = 2T 1 , and noting that T 1 ∝ 1/γ 2 , we find that ǫ c (τ ) ≈ gǫ c (S). Thus, for ǫ c (τ ) < ǫ < ǫ c (S) acoustic absorption by the τ TLSs will decrease as 1/ǫ. The condition to have an S dominated regime in the acoustic absorption as function of acoustic intensity becomes then [see equation (3)]
This condition is different from the condition for domination of acoustic scattering in the linear regime, which is dictated by the relative tunneling strengths. It defines a new energy scale E * ≡ E cr g 1/η (E * ≈ 0.05 − 0.1 K for g −1 ≈ 30 − 50 and η ≈ 1) that determines the frequency ω low above which S-TLSs, despite their small DOS, dominate acoustic absorption at high intensities and low temperatures.
The detailed behavior of the acoustic absorption as a function of intensity can be seen in figure 1(a) . The relative resonant absorption at low temperature is shown for T = 0.01 K, where we set ν = 10 GHz, g = 1/30, and η = 1. It has a marked signature of two plateaus. The height of the second plateau, as well as its location, are a direct consequence of the S TLS contribution. A clear prediction of the Two-TLS model is the plateau's shift to higher intensity values and its diminished magnitude with the decrease of phonon frequency. Such a measurement as a function of field and frequency can therefore verify not only the presence of S-TLSs, but their DOS as calculated in Ref. [34] . It should be noticed that the Two-TLS model predicts weakening of the intensity dependence of the absorption similarly to the multiple observations of microwave absorption in Josephson junction qubits and superconducting microresonators [23, 24, 25, 26] . Consistently, the Two-TLS model can possibly account for those observations if one assumes also a difference in the magnitude of dipole moments between the τ and S TLSs.
Another property which is dominated at E * < T < T U by the S-TLSs is spectral diffusion. Within the Two-TLS model, the dephasing time associated with spectral diffusion of a τ -TLS is given by [47, 48, 49] T SD 2τ ≈ 0.1
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Since T 1S ∝ 1/γ 2 s and T 1τ ∝ 1/γ 2 τ , the condition for the first term in the brackets of equation (5) to dominate in T SD 2τ is given by equation (4), i.e. the crossover temperature for S-TLS domination of spectral diffusion is given by the same energy scale E * noted above for the nonlinear absorption.
The temperature dependence of P S 0 (0, T ) ∝ T η dictates a change in the temperature dependence of T SD 2τ from being ∝ 1/T 2 for T < E * (where the spectral diffusion is dominated by thermal τ TLSs) to ∝ 1/T 2+η/2 for T > E * (where spectral diffusion is dominated by thermal S TLSs). This is illustrated in figure 2 taking η = 1. Also plotted is T 2 (S), which is a factor of √ g smaller than T 2 (τ ), since a factor of γ s replaces γ τ in each term in the brackets of equation (5). This behavior can be probed in two pulse echo experiments where the echo decays during the decoherence time [48, 50, 40] .
Nonequilibruim absorption
The recently developed technique of nonequilibrium loss measurements in the presence of time dependent bias strain field [51] opens another route to detecting the presence of two types of TLSs, strongly and weakly interacting with the strain, along with their respective DOS and its temperature dependence. Consider the regime where both the S TLS and the τ TLS absorptions are saturated with an AC strain field,
If one applies a bias strain field ǫ bias (t) = v bias t to move TLSs away from the "resonant hole", δE ≈ γǫ AC , this move from the hole is much more efficient for the τ TLSs than for the S TLSs, because of difference in their coupling constants. If the bias is applied fast enough, in the Landau-Zener non-adiabatic regime v bias γ s,τ ≫ ǫ 2 AC γ 2 s,τ , then both S TLSs and τ TLSs move away from the hole, and the absorption approaches its maximum value corresponding to the linear response theoretical limit [51] 
At slow bias change, v bias γ s,τ ≪ ǫ 2 AC γ 2 s,τ , the absorption is linear in the bias
However there exists the broad intermediate regime,
AC , where the field changes too slow to significantly affect the nonlinear absorption by STLSs while the linear absorption already takes place for the τ -TLSs. In this regime the absorption behaves as (within logarithmic accuracy, see [51, 52] )
Thus, the Two-TLS model predicts the existence of three regimes in the functional dependence of the nonequilibrium absorption as function of the rate of bias change.
At the low and high rate regimes, the τ -TLSs dictate the slope of the absorption as Figure 4 . Illustration of (a) dielectric response as function of electric field, and (b) the change in acoustic response as function of strain for various temperatures. The dielectric response saturates at applied bias and temperature which are of the order of 0.3 K. Neither behavior is observed for the acoustic response, which persists to large bias. We adopted η = 1 here.
function of rate, and the fully unsaturated absorption, respectively, However, in the intermediate regime, where τ -TLSs are fully unsaturated, the S-TLSs determine the slope of the absorption as function of bias rate, as is illustrated in figure 3 . This slope is proportional to the DOS of the S-TLSs, which can be thus monitored via the tuning of temperature and frequency of the measuring field. We note that we consider here bias fields which are larger than the size of the hole, but smaller than the probed energy. Larger bias fields can drive the S-TLSs far from equilibrium, and will be considered elsewhere.
The dipole gap of the S and τ TLSs
Amorphous solids show a dip in their relative dielectric and acoustic responses at low temperatures, as function of an applied external electric or strain field [16, 53, 54, 55, 56, 17] . This dip is attributed to a corresponding dip in the DOS of single TLSs at low energies due to many-body effects. Applying external fields allows temporarily to eradicate the dip partially. This causes a change in the TLS DOS δn(E, Φ DC , T ) ≡ n(E, Φ DC , T ) − n(E, Φ DC = 0, T ) and for the weakly interacting TLSs, within the STM, one finds for k B T < Φ DC < U 0 , [16] 
. Here Φ DC = pE DC with dipole moment p of the TLS for an external DC electric field E DC ; and Φ DC = γǫ for an external DC strain. The energy U 0 denotes the largest TLS-TLS interaction, above which the dip in the single TLS DOS vanishes. At the same time a corresponding nonequilibrium change in the dielectric and acoustic response results, and is given by [16] 
Herein, χ 
The contribution of the τ -TLSs to the nonequilibrium response is similar to that given by equation (10) at low energies. Within the Two-TLS model, the maximal τ -TLS -τ -TLS interaction dictating the energy scale U 0 above which the dip in the DOS of the τ -TLSs vanishes is calculated for CN flips in KBr:CN to be U 0 ≃ 0.1K [36] , and we expect it to be ≈ 0.1 − 0.3 K in other materials [31, 34] . Furthermore, within the Two-TLS model, at energies larger than 3 K the single τ -TLS DOS diminishes abruptly [34] (again, supported by direct calculations for single CN flips DOS in KBr:CN [35, 36] ). We thus expect δχ DC ≈ 3 K, as the latter is proportional to γ. Considering first the AE protocol, the contribution of the τ -TLSs is ∝ gχ eq , in accordance with the size of the dip in the τ -TLS DOS at low energies, δP τ 0 ≈ gP τ 0 . The DOS of the S-TLSs at 3 K is ≈ g 2 times smaller than the τ -TLS DOS, and accordingly their contribution to the δχ neq is g times smaller than that of the τ -TLSs. The τ -TLSs clearly dominate the EE protocol, as at 0.
0 . However, for the acoustic response, which is proportional to γ 2 , things are quite different. The latter relation for the DOS of the τ -TLSs and S-TLSs at 0.1 K results in their similar contribution to the acoustic response within the EA protocol for η ≈ 1, where the S(τ ) TLSs dominate the response at η > (<)1. However, upon acoustic bias, the S-TLSs clearly dominate the acoustic response, by a factor of ≈ 1/g, as P S 0 (3K) ≈ gδP τ 0 (0.1K), whereas the contribution of each TLS is ∝ γ 2 . We note that the EE, AE, and EA protocols have been already performed in experiments (see e.g. in Refs. [53, 54, 55] ). However, to the best of our knowledge, the AA protocol, where the S-TLSs dominate was not measured, nor, naturally, were all four protocols measured in the same system.
The domination of the S-TLSs in the acoustic nonequilibrium response within the AA protocol has some marked and measurable consequences, which allows us to predict clear distinctions between the response within the EE and AA protocols: (i) Within the EE protocol the response saturates at Φ DC ≈ 0.3K, whereas no such saturation is predicted for the AA response, as the DOS of the S-TLSs grows at all relevant energies.
(ii) EE response nearly saturates at T ≈ 0.3 K, where no such saturation appears in the AA response.
In addition, for a single species of TLSs one clearly gets, for a given Φ DC the relation δχ(AA)δχ(EE) ∼ δχ(AE)δχ(EA). However, within the Two-TLS model, and because of the S domination of the AA response, one obtains δχ(AA)δχ(EE) ≫ δχ(AE)δχ(EA). In figure 4(a) we illustrate the form of the electric response to electric bias (EE protocol), dominated by the τ -TLSs, and in figure 4(b) we illustrate the form of the acoustic response to acoustic bias, dominated by the S-TLSs.
Discussion
We address, within the Two-TLS model, several acoustic and dielectric properties which depend on the various material properties (P 0 , γ, ρ, c) not simply through the dimensionless tunneling strength. These properties therefore do not show universality at low temperatures. One consequence of the different parametric dependence of these properties is the different relative contribution of the S-TLSs, allowing us to give clear predictions to the presentation of these yet unobserved asymmetric TLSs in various phenomena. Experimental protocols testing our predictions and allowing the measurement of the DOS of S and τ TLSs are suggested. Such experiments, performed both on disordered lattices, for which the validity of the Two-TLS model has been thoroughly demonstrated, and on amorphous solids, will provide answers with regard to the equivalence of the mechanism behind universality in these two systems; with regard to the bounds of universality; and with regard to the nature of the TLSs in both these systems. Such answers may prove useful in enhancing our ability to control TLS behavior, and e.g. limit their decoherence of superconducting qubits and nanomechanical oscillators.
Our estimates for the various crossover temperature are approximate, and can somewhat vary between materials. Also, we assumed, as is the case in KBr:CN, that the two types of TLSs have a similar electric dipole moment. However, our conclusions for the dielectric and acoustic responses can be generalized to include systems in which the dipole moment of the two types of TLSs differ significantly [24] .
